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1. Introduction to Rigid Body Dynamics
BT Fh B B R w e
HERANNLREY, SHBERANEHE

Concerning the Simulation Model:
1.properties of each individual Rigid Body

2.kinematic coupling between Rigid Bodies



3.additional actors/sensors

Simulator:solvers/integrators to simulate the resulting behavior of the interacting
Rigid Bodies over time.

FEDAEA 72

2.Rigid Body Dynamics Simulation in short
Maximal Coordinates (ExA%4R%) vs Generalized Coordinates (I~ X2457%)
EhzE B FBELRE, FrLfERAMaximal Coordinates,

SWERE, EEEM/MMIERE, BiHEESR,

Newtons laws of motion for Rigid Body Change of velocity
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Equation of motion of a system of Rigid Bodies
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HoTELEEPF: Describes the “direction of the constraints”
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3.Recap: Properties and Kinematics of Rigid
Bodies

Rigid Body = deformation .

Bty The Centre of Mass

J]] o0 - eg) v =0
Loy = ;/@/‘/p(ﬁ)
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XFRE and IEEEMY

BERKETETIHEIE (Parallel Axis Theorem) , BFERNIEEIZE ISR HKEM BT
NERRIETESE S,

The Parallel Axis Theorem allows to change the reference
point of the Inertia Tensor.
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IMAERERIRR Z BFFIRIRMIKE (Inertia Tensor) MAME. BRRMKENEETIEHNA
L, AFSIRTEER (WRD), RRTRTLITRGE.
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PO T RINMEGE AR S K SRR R AN :
The sum of two quaternions x and y:
z+y=(ro+yo)+ (z1+y1)i+ (v2+y2)j + (z3+ys)k
The product of two quaternions x and y:
x -y = (Toyo — T1Y1 — T2Y2 — T3Y3)

+ (Toy1 + Z1Yo + Tays — T3Y2)i
+ (Toy2 — T1Y3 + Tayo + T3y1)Jj
+ (Toys + T1Y2 — T2y1 + T3y0)k

The inverse quaternion:

-1 _ q
g 2@

The conjugated quaternion:

d=qo— q1t — q2J — qzk
Quaternions are able to represent rotations in three dimensional space:

Each unit quaternion g € H can be unambiguously represented in polar representation usin
a € Hyre and a polar angle a € R:

= cosS — +a-sin —
4 5+ 2

The mapping 7,;: H — H represents a rotation defined by g, i.e. a rotation about a with angle
re(z) =quq ! with = =uxz1-i+ze-jt+a3-k , z= (:1:1 To I3

The concatenation of two rotations r,; and r,, is equivalent to the multiplication of the quate
representing the individual rotations before applying the rotation:

The inverse rotation is represented by the inverse quaternion:
— _
Tq = T’q—l
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Quaternions are directly related to rotation matrices:

Convert Quaternions to rotation matrix (Euler-Rodrigues formula):

@B+a—a -G —29003 + 20192 240q2 + 2q1q3
Ryao)=| 20a@3+20¢2 @G—G+36—-a —29¢ + 2¢243

—2q0q2 + 2q1g3 2001 + 292q3 g3 — ¢ — ¢ + ¢3

For special cases the rotation matrix can be converted into a quaternion (see also [Shuster1993]):
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E=E:- BEr=wxr

BT R p ENEAERER, RIFERIFARER 15
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4.Constraints
95 AFFH: Holonomic constraints (Fe&4y%k) = HRA%

Non holonomic constraints = fF XN %R, ATFRERETFEFIE

1.Holonomic constraints

WIAl(E]’gl) = WIBl(E]’Qi)' DTy,
/”/: (WRB1 (gl) ' BlEAl W;ggl (21) ‘T4, +El)
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FHEDNIZAERA0, so:

C(g(t),t) = WEBl (Ql) iy —l_Bl — WEBQ(QQ) "Ta, =Dy, = 0e R

AERT, BEEREAR
ZRKF, RFEMMEELR

5.Simulation of free-floating Rigid Bodies
ZrhE + BohE

HETIE
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FElB I T RIEKENSHSER, CBNSSENIARELRTE

T = L = 0 wHwx6 w

—ext = A o5 el MW
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6.Constraint forces and simulation (&9 AHF1H
H)
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Equation of motion:
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Coupled calculation of acceleration and constraint forces:
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b BARMBRLTEN TMIMLEED", EEBLIRENEEHHIFLMEREDEIR, BNT
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(BEMAEFT RS, JUEHBMEXINRENLIRIN)
2.JMJT-approach

ERAXEHR

HEED, HEERT/)

FEME (IMITHZENFRARNIE)

ARG > IHERALLER > iHBERAR] > EEESERDHEZITE T — T RESHE
EAMMERE > EFRREKE - SEEHMLOEE—, #THET—THHE

HFRAULINEFEERIERZRE, FRUENEERT—ERED,

8.Impulse-based simulation of constrained
Rigid Bodies
(BT HENZAURNERRABERZ)

ME (Impulse) BHEREMNEANIRS, ®RAEE{ERFEN HEZ K"
J=[Fdt=Ap=m-Av. (BREI&ERNE. FitkE. RIEFH)

Impulse-based vs Force-based /5% X3!
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10.Simulation of constrained Rigid Bodies with

friction

Coulomb friction model

ft‘, E ,u ' f‘n..

o ft: YIEEIRSA (t = tangential)
o fn: JEZMAEAIT (n = normal)
o u: EEIBEREL (Coefficient of Friction)

BERhXNFEL RAFBERN" ufn, SNYMERZBEE,

“EE¥2%% (Friction Cone)” F9H2:

1% 3D #MMERR, ERERE, SAAUEREAITESR. Bt XM ERKFED L
REV VARSI — A, Ui R,



Friction lies
within the
friction cone,
thus the body is
not moving

Friction lies on
the surface of
the friction cone,
thus the
maximal value
of friction is
applied.

Friction lies within the friction cone, thus the body is not moving.

ERNMITEFHERN, FREl TS,

Friction lies on the surface of the friction cone, thus the maximal value of friction is

applied.
ERENATFEEERE, EERENEZIRAE,
FR IR X 71

Friction Cone Approximation — Approximation Error

ERERNENEIRSIRE R

TEESYIER, ERENHRFHIZ— T ESNERTEEKE (EF#), BBt EEERLS
BE#ENERAR, RtHMTBEHNTEMGEREESHRUREREENERE
d1,d2,... d8UNERHLIL, LRt B R R AV ER O X LS RAVEMEAS.



"BE¥R Z A" (Friction Pyramid 3§ Friction Cone Approximation)

B RPEEREMAERSEE, RRERITER dBERTRER. FREZE
i, BRMETERIE, BESHEZERENE.

FHVIERE . T BN FEICESRRAHITERWL, FrLUEEREX MRS RERINR ZE
K, HATENREZEINLTAERRTERINGR,

H—ABEYIAAME di, FRAKRBRERF AdiRESTNHBEEZEARD, HmE U
IEEA R ERERITA, ENETRESCEXERAFAIR,

B
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BETFYRMNERER: BANRMNERSE,
EfStRRERER, FERT B9 (complementarity constraints),



ZERGBIRPEAFHEREBRERITN . —MIREREAN (BEBIHER), —1
AREEHE (BEE), ENZENET B-aaux=0 BMEFRMERE, RINFHRERSHE
BHR—2E,
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HENE « EEAE

Ji-rv+5-e=10

L

Ji: EEEASIE LA Jacobian (BNEHUSE)

v: HIRE

B: WENTE (WBIEF, BFHUERS)
e=(1,1,...,1): BEAL, KEETEESAK
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11.Generalized vs. maximal coordinates

formalism
AR X152

[ XAREMNERGETERNPNIZORE, ARASR/NMNRIIBEHES, HiYESFH
MRERESINERE, X252 NBYEKE T,

Lagrange formalism

Define generalized coordinates q1y---5qn : ;

Calculate kinetic energy — . N
& potential energy L = Biin (2, 4) — Epot ()

Calculate i 87[‘ = 87[’ =Q
Lagrange equation dt \ 0g dq
Calculate H (q) i+ C (E, Q) =7

Equation of motion =N\l

IEMzIHE (Forward Dynamics) #li¥mzh/ 1% (Inverse Dynamics)

IERAIHFER: BHI X&45 q. ZFE g’ WAN/TE t, RIEE q”
Bl: frea, ©FIiEn.



FRMHER: BHRAES q. FE q. IEE q°, RFIFH/HE
Bl {Régizmhing, ©RFERIIES .

WAnh ¥ H 2 HE % Recursive Newton-Euler Algorithm GEJIS-IRERFIE %)

¢ [Step 1] Forward lteration (FjEIES)

{EF: MIRER (base) W%, FXRHESTRIENKS:

2 ES link BIE., ®RE, MEE

o FRXTUE q. EE q;. IIEE g;

o ENTREMEMERILLERE, FENFETHERST T
o FERNEE v;
o ARE w;
o JEE a;

B HRAFEXENEEFRrRNEShEEHE

o FERNIELE:

F,-—mz-*ah T;—Iiwa—i—ng{fz--w,;]

¢ [Step 2] Backward Iteration (RMEE)
{EM: MKEE (end-effector) EIH, HEETXTBRIIERS/1EE

£l MBI link 7148, SRORFAEREEIE:
« 571, S7EETEESTE
o EFTEATR, BXENTRAXTIE 7;:

o HAILERRE A ERZX PR

BRRHASEE(CRBA), XEAKXRSMITENEALERINFRNXTZENEEER H(q) BY
ZHTT %,



Forward dynamics — Composite Rigid Body algorithm

Goal of the Composite Rigid Body Algorithm
i=FD(g,4:7)

i.e. calculate the joint space inertia matrices of the motion equation
? |

]
H (9)|i HC (¢, 9)| == with C (¢,4) = ID (g, 4,0)

Calculate the generalized accelerations using the motion equation

i=H (q) -1 (I —C (q, q)) The jqint space inertia matri.x neefis to have full
= = rank, i.e. no redundant configurations are allowed

Composite Rigid Body Algorithm BI{EFA

HHEIGHEERE H(q)
XM, RIEHN—I, EitIH(1A CRBA MXH+HS,
H(q): XTI =ENRIERER

o RIEMEHFHFMEREIFIET FE IR
o SHBAAEHREDHEX
« CRBA BIFfL2ECKE

Forward Dynamics — Articulated Body Algorithm (ABA)

XTNHARZE (iU AFIRRRALIERFEE) , BB AMAZERRETERNZERE 9" B9
—MEMEZEMNEERE (O(n) HNEX



¢ Step T
M base MF IEITE: 1 link FIIE, EEMIEZEWES (bias forces)
* &FEq.4q
o EHEHEED link:
o PiEEE v
o ENMEE (ERET) ore
o B, BE. BOWAMY bias force p;

¢ Step 2:
MKiRE base REEHE: S link FIXTHRYE & MBS (Articulated Inertia & Bias Force)
« WFETXT:
o IHEBABRMBIEREE T
o HRASHEHNRED (FEEEF link BIFEMR) :

pi = pi + BERFTHRERNRD

¢ Step 3:
M base FFKEEHEE: RS TXTRVMNEE
ER TEENEERED g;:

Hrh:
s 4 ETHENEER
o bi: EERMBEET (KRB bias force IR SIEE)

42 Maximal Coordinates (R A%4%) :
RAMINEERNATS—IIEEIMEETRENAZE (B + &D), MARRAR/NEH



TARE
A (FL95)

[ Svlstnm Stetes

‘L X6, Vet!

C-omr;o,re. I

—

v
—
Calewmlate A | invere. ddm.m.zc_g

|

Lljdﬂ-'tir State ool dﬂ neum ic s
b Ktteddt), Vet tde)

PVWW_ (Roterrions
i

lEeLMLmQ, inteytioe ‘tamor'(
| W&t—r-l-e) o




L] 5. Normalize Quaternions

* A4z
« TOTEETLER, (ESEHERShENIEE (S
»  AERUEITEI T B ETERRINER

L 2F:

3

L 58H:
« EREHENTHEHER (L LAESRSESE

DBIBfR:

Implementation of an Accelerated Projected Gradient Descent Solver for Multibody
Dynamics Simulation

S —MEREVEER RS A (APGD), BFINERGESRNIALEA + EIR + L9RAYR.

TEZSEENFBRES CLMNBA. El. BE), (ReLEhE):

o MItAZiERYiERE (fFIUN%eFiEt)
o EREREEN
o L9 (WN3REE. HUE)

o XEHZIFEBNSAF (non-smooth dynamics) 8]

XL F E T — N EEMERENIFEME RS, B3

NSC/CCP jml@: FEJ¢iBiEhtina / #E MR (Cone Complementarity Problem)

+4= APGD?
APGD = Accelerated Projected Gradient Descent
« BE—MEENRKAE



o ETF Nesterov IEEE X
o EEKRMBZIROMMAMM (WM. BEBRANITEHE)

=

e Lt Gauss-Seidel ERULE
o OJHITL
o FESAMBERANRE

£ C++ ZXMHET AR APGD 7%, #5 Gauss-Seidel F7ALLE, RAMERE,



